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Relatively thin-walled tubes bent into the plastic range buckle by axial wrinkling. The wrinkles initially grow stably but
eventually localize and cause catastrophic failure in the form of sharp local kinking. The onset of axial wrinkling was pre-
viously established by bifurcation analyses that use instantaneous deformation theory moduli. The curvatures at bifurca-
tion were predicted accurately, but the wrinkle wavelengths were consistently longer than measured values. The subject is
revisited with the aim of resolving this discrepancy. A set of new bending experiments is conducted on aluminum alloy
tubes. The results are shown to be in line with previous ones. However, the tubes used were found to exhibit plastic anisot-
ropy, which was measured and characterized through Hill’s quadratic anisotropic yield function. The anisotropy was
incorporated in the ﬂow theory used for prebuckling and postbuckling calculations as well as in the deformation theory
used for bifurcation checks. With the anisotropy accounted for, calculated tube responses are found to be in excellent
agreement with the measured ones while the predicted bifurcation curvatures and wrinkle wavelengths fall in line with
the measurements also. The postbuckling response is established using a ﬁnite element model of a tube assigned an initial
axisymmetric imperfection with the calculated wavelength. The response develops a limit moment that is followed by a
sharp kink that grows while the overall moment drops. The curvature at the limit moment agrees well with the experimen-
tal onset of failure. From parametric studies of the various instabilities it is concluded that, for optimum predictions,
anisotropy must be incorporated in both bifurcation buckling as well as in postbuckling calculations.
 2006 Elsevier Ltd. All rights reserved.
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Inelastic bending of long circular tubes is a classical problem in structural mechanics that exhibits a rich
variety of buckling and collapse mechanisms. The problem remains relevant today because of its impact on
important applications such as pipelines, reactor tubular components, lightweight aerospace applications0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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7100 E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118and others. A key characteristic of the bending response is that the cross section progressively ovalizes (Bra-
zier, 1927). Ovalization reduces the bending rigidity of the tube and leads to a limit load instability. For lin-
early elastic tubes the response bifurcates into a shell-type of buckling mode before the limit load is reached.
The postbuckling response is unstable as the tube fails catastrophically by local buckling (Fabian, 1977; Axel-
rad, 1980; Emmerling, 1984). In the case of thicker metallic tubes bending results in plastic deformations. As a
result the moment and curvature at the limit point occur at lower values than the corresponding elastic case
(Ades, 1957). Under curvature controlled loading the tube collapses soon after the limit moment either by
sharp local kinking or by localized diﬀuse ovalization. For thinner tubes, bending into the plastic regime
results in axial wrinkling that precedes the natural limit load. The wrinkles initially grow stably with curvature
but eventually localize. In the process the shell buckles once more locally into a shell-type mode that results in
catastrophic local kinking. This type of wrinkling is reminiscent of a similar instability exhibited by inelastic
cylinders loaded by axial compression (Batterman, 1965; Tvergaard, 1983; Bardi et al., in press).
The various instabilities that can be encountered in pure bending of inelastic tubes were investigated by
Kyriakides and Ju (1992) in a series of experiments on Al-6061-T6 tubes with diameter-to-thickness values
(D/t) in the range of approximately 20–60. It was shown that D/t governs which of the possible instabilities
becomes dominant. A second crucial parameter is the shape of the material stress–strain response. For the
particular aluminum alloy used, axial wrinkling was found to develop when the D/t exceeded approximately
25.
Ju and Kyriakides (1992) developed a sequence of models for calculating the inelastic response of tubes
under bending. The models can be used to identify the onset of instabilities and to follow their evolution
up to the incipient failure. The basic model is based on the axially uniform ovality formulation of Shaw
and Kyriakides (1985) and Corona and Kyriakides (1988, 2000) (see also Gellin, 1980; Fabian, 1981; Bushnell,
1981). The possibility of bifurcation from this solution into an axially uniform wrinkling mode was checked by
a custom analysis that is based on the instantaneous deformation theory of plasticity moduli (Ju and Kyriak-
ides, 1991a). The predicted bifurcation curvatures were found to be in good agreement with experimental val-
ues corresponding to the ﬁrst appearance of wrinkles in the bent tubes. However, the corresponding wrinkle
wavelengths were found to be uniformly longer than measured values. Interestingly, the same overprediction
of wrinkle wavelengths by similar type analyses was reported by Reddy (1979) in experiments on steel and
aluminum alloy tubes with D/t’s in the range of about 35 and 78.
Any model of the postbuckling behavior of such tubes that accounts for the evolution of wrinkles, their
localization and subsequent events requires the wrinkle wavelength as an input. In view of the erroneous pre-
diction of wavelengths yielded by their bifurcation analysis, Ju and Kyriakides (1992) used experimental wave-
length values in their postbuckling calculations. This discrepancy remains unexplained and casts a cloud over
the accuracy of postbuckling calculations of this type.
Recently, Kyriakides et al. (2005) reported a similar discrepancy between measured and predicted axisym-
metric wrinkle wavelengths for the simpler problem of axially loaded circular tubes as well as for tubes loaded
under combined internal pressure and axial compression. They were able to show that predicted wavelengths
agreed with experimental values when plastic anisotropy that existed in the stainless steel tubes tested was
accounted for. The anisotropy was characterized through Hill’s quadratic anisotropic yield function. A cor-
responding anisotropic deformation theory was developed which, when used in the bifurcation calculations,
produced the correct critical stresses, strains and wrinkle wavelengths for tubes covering a range of D/t values.
With the correctly predicted wavelengths Bardi and Kyriakides (in press) and Paquette and Kyriakides (in
press) were then able to model the postbuckling events observed in their experiments successfully.
In the present study the problem of inelastic bending of tubes is revisited with the following objectives: (a)
Establish if anisotropy is indeed present in the type of aluminum tubes tested by Kyriakides and Ju (1992). (b)
If anisotropy is found to be present then determine its eﬀect on the prebuckling response, on the critical bifur-
cation variables, on the postbuckling response and on the onset of collapse.
2. Experimental
Kyriakides and Ju (1992) reported results from a set of bending experiments on seamless drawn Al-6061-T6
tubes. The specimens were typically 24 diameters long. They were bent in a four-point pure bending device
Table 1
Geometric and material parameters of Al-6061-T6 tubes tested
D in. (mm) t in. (mm) Dt E Msi (GPa) ro ksi (MPa) ry ksi (MPa) n Sh Sr Sxh
1.250 (31.75) 0.0346 (0.879) 36.13 10.0 (69.0) 42.7 (294) 42.6 (294) 29 1.015 0.887 0.535
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7101shown in Fig. 4 of their paper. Several instruments mounted on the tubes were used to monitor the induced
ovalization and the evolution of wrinkles (see Figs. 6–8 of Kyriakides and Ju, 1992). They reported moment–
curvature and ovalization–curvature responses for several of the experiments. For some, axial scans of the
ovalization at several values of bending curvature were also reported. The geometric and material properties
of eleven diﬀerent tubes with D/t values ranging from 19.5 to 60.5 are listed in their Table 1, while Table 2
summarizes the critical curvatures and the measured wrinkle average wavelengths.
The half wavelengths measured in these experiments (kexp), normalized by the wavelength predicted for
each case by the bifurcation analysis (kis) using isotropic deformation theory, are plotted vs. D/t in Fig. 5
of Ju and Kyriakides (1992). They are also reproduced here in Fig. 1. Such wrinkles show up in pockets,
and each specimen usually develops one or more such pockets. Wrinkle wavelengths vary to some degree,
and this is illustrated in the scatter exhibited by the results. Despite the scatter, the measurements clearly show
that kexp are signiﬁcantly lower than the values predicted for all D/t’s considered. Motivated by the recent ﬁnd-
ings of Kyriakides et al. (2005), we will investigate if inelastic anisotropy played a role in this discrepancy.
2.1. Bending experiments
In the 1992 study one anisotropy variable was measured for some of the tubes (S  Sh = roh/rox in Table 1
Kyriakides and Ju, 1992). This alone did not correct the discrepancy in the predicted k’s and, consequently, a
more complete characterization of anisotropy is required. Because of the lapse of time, the original tubes
tested are no longer available. We thus conducted a set of new experiments on a seamless Al-6061-T6 tube
with D/t = 36.13 manufactured according to the same speciﬁcations as the tubes of the original study. The
diameter (D) and wall thickness (t) of this tube are listed in Table 1. New bending experiments as well as a
more complete characterization of the inelastic material behavior were performed on tubes cut from the same
tubular stock.
Three bending experiments were performed in the same bending facility as the one used in the original
study. The length of the specimens was approximately 20D. The original instruments were also used to mon-
itor the appearance and evolution of wrinkles. The measured (M–j) response from one of the new experiments0
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7102 E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118is shown in Fig. 2a. The corresponding change in the minor axis of the tube (DD/D) at mid-span is plotted
against the curvature in Fig. 2b. The moment is normalized by Mo and the curvature by j1 deﬁned asMo ¼ roD2ot; j1 ¼
t
D2o
; Do ¼ D t: ð1ÞThe moment–curvature response exhibits an initial linear section. The material yields at a normalized curva-
ture of about 0.3 and the response softens and develops a knee followed by an extended section of relatively
low bending rigidity. Simultaneously, the tube ovalizes as indicated by the change in diameter plot in Fig. 2b.
The ovalization is initially uniform along the length and tends to further reduce the bending rigidity of the
tube. A pocket of wrinkles was ﬁrst observed on the compressed side of the tube at the point on the response
marked with (") at a curvature of 0.751j1. The pocket consisted of three wrinkles and was located about one
third of the specimen length from one side. The amplitude of the wrinkles grew and the middle one showed
signs of localizing. As this was developing the response reached a maximum moment that is marked in Fig. 2a
with a carat (^). The specimen was unloaded soon after this point in order to avoid catastrophic failure and
preserve the wrinkles. A photograph of a pocket of wrinkles is shown in Fig. 3a (a line has been drawn across
this zone in order to enhance the local relief). The curvature at the maximum moment is 0.858j1.
This general behavior was found to be repeated in all three experiments performed. The location of the
wrinkle pockets is inﬂuenced by small initial geometric imperfections present in the tubes. Thus, their position
and number varied from one specimen to another, as did the number of wrinkles in each pocket. In one of the
experiments the specimen was not unloaded soon enough after the maximum moment was achieved and, as a
result, the tube collapsed catastrophically by developing the local kink shown in the photograph in Fig. 3b.
The depth of such a kink is decided by how much unloading energy feeds into the kink from the neighboring
Fig. 3. (a) Photograph showing a pocket of wrinkles developed under pure bending. (b) Local kink induced by collapse following
wrinkling (Al-6061-T6 tube with D/t = 36.13).
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7103structure. The failure zone has very small residual moment capacity and in a larger structure the tube can fold
up even more sharply and perhaps break up. The wavelengths of the wrinkles in the experiments were mea-
sured and are included in Fig. 1 normalized by the value predicted by the bifurcation analysis using isotropic
deformation theory moduli (kis). The measurements are uniformly less than kis and follow the general trend of
the 1992 results.
2.2. Characterization of plastic anisotropy
A set of experiments were performed on specimens cut from the same tube stock as the bending specimens
in order to characterize any plastic anisotropy present in the tubes. The anisotropy was represented through
Hill’s quadratic yield function (1948). For relatively thin-walled circular tubes, a state of plane stress is usually
adequate. Hill’s yield function in terms of the polar stress components can then be written asf ¼ re ¼ r2x  1þ
1
S2h
 1
S2r
 !
rxrh þ 1
S2h
r2h þ
1
S2xh
r2xh
" #1=2
¼ remax; ð2Þwhere Sh ¼ rohrox ; Sr ¼ rorrox ; Sxh ¼
roxh
rox
and {rox,ror,roh} are the yield stresses in the respective directions and roxh
is the yield stress under pure shear. The anisotropy constants (Sh,Sr) were evaluated by conducting uniaxial
experiments in the axial (A) and circumferential (L) directions, and a hydrostatic pressure inﬂation test (H) as
described in Kyriakides and Yeh (1988). A work compatible equivalent plastic strain increment to re (with
rxh = 0) is given by
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: ð3ÞFig. 4 shows a comparison of re–ePe for the four tests assuming the material yields isotropically. The extent to
which they are diﬀerent is a measure of the anisotropy. The three responses coalesce when Sh = 1.015,
Sr = 0.887 and Sxh = 0.535 (Sxh takes the value of 1=
ﬃﬃﬃ
3
p
when the material yields isotropically).
3. Analysis
3.1. Uniform ovality solution
The ﬁrst level of modeling involves a long thin-walled circular tube of radius R and wall thickness t that is
bent under pure bending to a curvature j as shown in Fig. 5. Bending induces ovalization (Brazier, 1927),Fig. 5. Problem parameters: (a) global view and (b) cross sectional parameters.
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7105which in turn results in a limit load instability. Shaw and Kyriakides (1985) and Corona and Kyriakides (1988)
formulated and solved the elastic–plastic version of this problem as outlined below (Kyriakides et al., 1994).
The axial strain is given byex ¼ eo þ fj; ð4aÞ
where eo is the strain of the axis of the tube andf ¼ ½ðRþ wÞ cos h v sin hþ z cos h ð4bÞ
(see Fig. 5). The circumferential strain iseh ¼ eoh þ zjh; ð5aÞ
whereeoh ¼
v0 þ w
R
 
þ 1
2
v0 þ w
R
 2
þ 1
2
v w0
R
 2
and
jh ¼ v
0  w00
R2
 
1 v w
0
R
 2" #1=2
:
ð5bÞEquilibrium is satisﬁed through the principle of virtual work, which for the two-stress problem at hand can
be stated as follows:R
Z p
0
Z t=2
t=2
ðr^xd_ex þ r^hd_ehÞdzdh ¼ 0; ð6Þwhere r^x ¼ rx þ _rx, etc., ð _Þ denotes an increment in (•), and ð^Þ  ð þ _Þ.
The structure is discretized by adopting the following expansions for the displacements:v ’ R
XN
n¼2
bn sin nh and w ’ R ao þ
XN
n¼1
an cos nh
" #
: ð7ÞBending is achieved by prescribing increments of curvature. When (7) are substituted in (4)–(6), (2N + 1) non-
linear algebraic equations are generated. These are solved by the Newton–Raphson method. For every solu-
tion the moment can be evaluated fromM ¼ 2R
Z p
0
Z t=2
t=2
rxfdzdh: ð8ÞHere symmetry has been assumed about the plane of bending. This assumption was relaxed in Corona and
Kyriakides (2000) in order to consider the eﬀect of unsymmetric imperfections on collapse under bending
and pressure.
3.2. Bifurcation buckling
For thinner cylinders, bifurcation buckling in the form of uniform wrinkling can take place before the limit
load instability is reached. This possibility can be checked using the analysis of Ju and Kyriakides (1991a)
which is summarized here for completeness. At every prebuckling solution we perturb the structure with
the following buckling mode:~w ¼ R cos px
k
XNw
n¼0
cn cos nh;
~v ¼ R cos px
k
XNv
n¼1
dn sin nh;
~u ¼ R sin px
k
XNu
n¼0
en cos nh;
ð9Þ
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being measured from a circular toroidal reference shell (Fig. 6a) with principal curvaturesj1 ¼ j cos h
1þ jR cos h and j2 ¼
1
R
: ð10ÞThe wrinkling-type buckling mode with axial wavelength 2k is shown in Fig. 6b. It is convenient to identify
Eq. (9) with the vector of unknown coeﬃcients~q ¼ ½c0; c1; . . . ; cNw ; d1; d2; . . . ; dNv ; e0; e1; . . . ; eNu T: ðaÞThe bifurcation mode must satisfy the incremental form of the PVW which is expressed asR
Z k
0
Z 2p
0
eN ab;j~eoab;i þ eM ab;j~jab;i þ Nxxoð~/1;i~/1;j þ ~/;i~/;jÞ þ N hhoð~/2;i~/2;j þ ~/;i~/;jÞh i~qi~qjn odxdh
¼ Hij~qi~qj ¼ 0; i; j ¼ 1; 2; . . . ðNw þ Nv þ NuÞ; ð11Þwhere a,b = x or h, repeated indices imply summation over their range, and ð^Þ;i  ð^Þ;~qi . Nxxo(h) and Nhho(h)
are the prebuckling stress intensities given byNxxo ¼
Z t=2
t=2
rxo dz; N hho ¼
Z t=2
t=2
rho dz: ðbÞThe stresses in (b) come from the uniform ovality solution that is based on ﬂow theory. In deriving Eq. (11),
Sanders’ shell equations (1963) appropriately linearized are used (see Appendix A) as well as the following
constitutive equations:Fig. 6. (a) Toroidal reference surface for bifurcation calculations and (b) wrinkled tube.
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8>>>>>>><>>>>>>:
9>>>>>>>=>>>>>>;
¼
Z t=2
t=2
1 z
z z2
" #
dzC
~eoxx
~eohh
~eoxh
~jxx
~jhh
~jxh
8>>>>>>><>>>>>>:
9>>>>>>>=>>>>>>;
; ðcÞwhere C are the instantaneous deformation theory moduli corresponding to the state of stress induced by uni-
form bending (inverse of matrix in (15) with rxh = 0). Eq. (11) results in the quadratic form ~qTH~q. When the
solution is unique, H is positive deﬁnite. At the bifurcation point, the determinant of H is zero. Thus, the
bifurcation check at every converged prebuckling solution involves calculating the determinant of H for a
set of trial values of k in (9). Once a change in sign is identiﬁed in the determinant of H, k is varied until
the determinant changes sign at the lowest curvature. (Note that the corresponding elastic bifurcation problem
has been considered among others by Fabian (1977), Axelrad (1980) and Emmerling (1984). The elastic–plas-
tic problem was also considered by Gellin (1980) and Fabian (1981).)3.3. Constitutive modeling
In the uniform ovality formulation the material is modeled as an elastic–plastic solid that hardens isotrop-
ically. Plastic deformations obey the ﬂow ruledepij ¼
1
H
of
ormn
drmn
 
of
orij
; ð12Þwhere f is the anisotropic yield function (2). Specializing (12) to plane stress and adding the elastic strain incre-
ments, the ﬂow theory constitutive equations becomedex
deh
dexh
8><>:
9>=>;¼ 1E
1þQð2rxbrhÞ2 mþQð2rxbrhÞð2arhbrxÞ Qð2rxbrhÞ2crxh
mþQð2rxbrhÞð2arhbrxÞ 1þQð2arhbrxÞ2 Qð2arhbrxÞ2crxh
Qð2rxbrhÞcrxh Qð2arhbrxÞcrxh 1þmþ2Qc2r2xh
264
375 drxdrh
drxh
8><>:
9>=>;;
ð13Þwherea ¼ 1
S2h
; b ¼ 1þ 1
S2h
 1
S2r
 !
; c ¼ 1
S2xh
; and Q ¼ 1
4r2e
E
EtðreÞ  1
 
:As is customary, the deformation theory of plasticity (in essence a nonlinear elasticity theory) is adopted for
elastic–plastic bifurcation checks (see Hutchinson, 1974). The corresponding formulation to the anisotropic
ﬂow theory above is developed by assuming that there exists a complementary strain energy density function
Uc(re) such thatePij ¼
oU c
orij
¼ oU
c
ore
ore
orij
¼ 1
Es
 1
E
 
re
ore
orij
; ð14Þwhere re is as given in (2). The incremental version of (14) required in bifurcation calculations is developed in
the usual manner. When specialized to the plane state of stress of interest here, it can be written as follows:dex
deh
dexh
8><>:
9>=>;¼ 1Es
1þqð2rxbrhÞ2; m^sþqð2rxbrhÞð2arhbrxÞ; qð2rxbrhÞ2crxh
m^sþqð2rxbrhÞð2arhbrxÞ; aþ EsE ð1aÞþqð2arhbrxÞ2; qð2arhbrxÞ2crxh
qð2rxbrhÞcrxh; qð2arhbrxÞcrxh; c2þ 1þ m c2
 
Es
E þ2qc2r2xh
264
375 drxdrh
drxh
8><>:
9>=>;;
ð15Þ
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Comp
Exp.
jb
j1
0.751q ¼ 1
4r2e
EsðreÞ
EtðreÞ  1
 
and m^s ¼ b
2
þ Es
E
m b
2
 
:4. Results
4.1. Prebuckling solution and bifurcation results
The uniform ovality model coupled with the bifurcation buckling analysis are now used to predict the pre-
buckling response and the onset of wrinkling for the Al-6061-T6 tube tested in the recent study. The aniso-
tropic ﬂow theory is adopted in the uniform ovality model. It is assigned the anisotropy parameters listed
in Table 1 while the axial stress–strain response is represented with the Ramberg–Osgood ﬁt parameters that
are also listed in Table 1. The calculated M–j and DD/D–j responses are drawn with dashed lines in Fig. 2.
They are both seen to be in very good agreement with the measured responses up to the point at which wrin-
kling developed in the test. The calculated M–j response exhibits a limit moment at a curvature of 1.114j1,
that is, a value that is signiﬁcantly larger than the limit curvature of the experimental response.
The possibility of bifurcation from this response to a wrinkled state was checked using the model outlined
in Section 3.2. In the uniform ovality response the constitutive model was anisotropic ﬂow theory. By contrast,
in the bifurcation check the incremental anisotropic deformation theory moduli in Eq. (15) were used based on
the state of stress of the uniform ovality solution at the curvature at which the check was performed. The ﬁrst
bifurcation point encountered is marked on the response in Fig. 2 with the symbol (#). It occurs at a curvature
of 0.835j1, in other words somewhat after the curvature at which wrinkles were ﬁrst detected in the experi-
ment. The bifurcation mode, shown in Fig. 7, consists of axially uniform wrinkles that aﬀect the compressed
side of the tube. The predicted half-wavelength is kanis = 0.334R, which compares favorably to the mean valueFig. 7. Predicted uniform wrinkling buckling mode (Al-6061-T6 tube with D/t = 36.13).
2
arison of measured and predicted critical values
Anal. iso. Anal. anis.
k
R
jb
j1
k
R
jb
j1
k
R
0.341 0.967 0.438 0.835 0.334
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7109of the measured wavelengths of kexp = 0.341R. The corresponding critical values for the isotropic material are
listed in Table 2. Comparing the two sets of results we conclude that this particular anisotropy reduced the
wavelength signiﬁcantly and the critical curvature somewhat. Clearly, plastic anisotropy can play a signiﬁcant
role in the solution and must be included in prebuckling as well as in bifurcation calculations.
As mentioned above, the anisotropy of the tubes tested in the 1992 study was not characterized fully. There-
fore we are unable to claim with certainty that the discrepancy between the predicted and measured wrinkle
wavelengths can be attributed to anisotropy. It is, however, worth examining what the predictions of k would
be if the tubes had the same anisotropy as the present one. The prebuckling and bifurcation buckling models
were used to calculate the critical states for a set of tubes in the range of D/t’s of interest. The stress–strain
parameters adopted correspond to the average of the measured values (see p. 1139 of Kyriakides and Ju,
1992) while the anisotropy parameters used correspond to those in Table 1. The predicted and measured
k’s are compared in Fig. 1. Clearly, when anisotropy is included in the analysis, measured and predicted wave-
lengths compare much better. This trend, coupled with the very good agreement with experimental values for
all calculated variables for the new set of experiments performed, supports the premise that the discrepancy
reported by the original study could be attributed to anisotropic yielding. As to the discrepancy between mea-
sured and predicted wavelengths reported by Reddy (1979) (see Section 1), we can only speculate that it may
have also been caused by anisotropic yielding as the trend in his results was similar to that in Fig. 1.
4.2. Postbuckling response and collapse
The evolution of wrinkling, its localization and failure in the form of local kinking were analyzed in Ju and
Kyriakides (1992) using a set of custom shell theory models (see also the custom FE models of Karamanos and
Tassoulas (1996) and the imperfection sensitivity study of Ju and Kyriakides (1991b)). Here we choose instead
to model the postbuckling response of the tube tested with a FE model developed within the nonlinear code
ABAQUS. The model consists of a section of tube of length L loaded under pure bending. Guided by the
experimental observations, the plane of bending is assumed to be a plane of symmetry. In addition, symmetry
about the mid-span is assumed. Thus the model domain is limited to one fourth of the tube. Wrinkling is
excited by introducing the following axisymmetric initial imperfection to the tube:w ¼ R aoi þ ai cos pxNk
 	h i
cos
px
k
 	
; 0 6 x 6 L
2
; Nk ¼ L=2: ð16ÞThe imperfection half-wavelength k is assigned the value obtained from the bifurcation check. The imperfec-
tion has a base amplitude of aoi = 0.0025 and a bias towards the mid-span with amplitude of ai = 0.0005. The
tube has the diameter and wall thickness values of the one tested (see Table 1) while the length of the section
modeled is 11k. The domain was discretized with 27-noded brick elements with full integration (ABAQUS
C3D27). The element distribution was 31 along the length (with a small bias in the central section 2k long),
36 around the circumference and 2 through the thickness (see Fig. 8).
The material was modeled as an elastoplastic, ﬁnitely deforming solid that hardens isotropically through
the ﬂow theory of plasticity. The measured stress–strain response of the material in the axial direction was
adopted (true stress–logarithmic strain version of the Ramberg–Osgood ﬁt given in Table 1). For consistency
with the prebuckling (unifrom ovality) model discussed above, the material plastic anisotropy is modeled
through Hill’s quadratic anisotropic yield function with the parameters listed in Table 1.
Bending is achieved by prescribing the angle of rotation of the end of the tube (x = L/2) which is con-
strained to remain plane, while its cross section is allowed to ovalize. This condition is imposed by the follow-
ing multi-point constraint:tan h ¼ xref  xi
zref  zi ; ðaÞwhere (xi,zi) are the coordinates of the ith node contained in this plane and (xref,zref) is the position of the
bottom node (arbitrarily taken as a reference). The rotation of the end-section, h (angle of axis with horizon-
tal), is prescribed incrementally and the resultant moment and curvature are evaluated from the solution at
every increment as follows. The average curvature of the section (j) is given by
Fig. 8. Initial geometry and FE mesh of tube analyzed (imperfection · 5).
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Fig. 9. Predicted buckling and postbuckling response of an Al-6061-T6 tube with D/t = 36.13: (a) moment–curvature and (b) ovalization–
curvature at two locations. (c) Sequence of tube deformed conﬁgurations corresponding to points marked on the response in Fig. 9a.
Wrinkling localizes into a kink.
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Fig. 9 (continued)
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L
: ðbÞThe moment, M, is determined at the mid-span (x = 0) fromM ¼ 2
XI
i¼1
fiF i; ðcÞwhere fi is the distance of the ith node to the axis of the tube, Fi is the axial force at the ith node and I is the
number of nodes in the section.
The calculated moment–curvature response is shown in Fig. 9a. The uniform ovality response is drawn with
a dashed line in the ﬁgure. Fig. 9b shows a plot of the change in diameter (DD/D) in the plane of bending vs.
the curvature. Results corresponding to the mid-span (x = 0) and to a point near the end of the tube (x =
L/2  k) are included. The ovalization yielded by the uniform bending model is once more drawn with a
dashed line. Fig. 9c shows four conﬁgurations of the wrinkled tube corresponding to the numbered points
on the response in Fig. 9a (for clarity the whole tube is shown). Initially the tube ovalizes essentially uniformly
and DD at the two sites coincide with that of the uniform ovality model. During this early phase of bending the
amplitude of the axial wrinkles grows very gradually. As the bifurcation curvature of the uniform tube is
approached (indicated by #), the growth of the wrinkles accelerates and simultaneously the deformation starts
to localize in the neighborhood of the mid-span. A limit moment develops at j = 0.763j1. This value is inﬂu-
enced to some degree by the choice of the amplitude of the imperfection. It is signiﬁcantly smaller than the one
yielded by the uniform ovality model and is somewhat smaller than the experimental value of 0.858j1 in
Fig. 2a. Conﬁguration shows the wrinkles at the limit moment. In the scale of the drawing they seem to
have grown nearly uniformly. In reality in the neighborhood of the limit moment the mid-span wrinkles grow
at a higher rate, which increases even more after the limit moment. This increase in the amplitude is reﬂected in
the DD–j results in Fig. 9b. The localization in the neighborhood of the mid-span is seen in conﬁguration to
lead to an inward kink. At even higher curvatures, the drop in moment becomes more precipitous and the kink
becomes deeper as shown in conﬁgurations and . By contrast, away from the mid-span DD decreases due
to unloading as illustrated in Fig. 9b by the results corresponding to the end of the tube. It is important to
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Fig. 10. Eﬀect of imperfection amplitude on buckling under pure bending.
7112 E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118point out that inclusion of the anisotropy in the constitutive models used in these analyses was essential for
achieving the good agreement between experiment and predictions reported. Anisotropy inﬂuences the wrinkle
wavelength used as well as the postbuckling response.
Conﬁgurations , and represent the early stages of development of a kink similar to the one shown in
Fig. 3b. The tubes tested were typically 20D long. In addition, the facility, although relatively stiﬀ, has some
compliance. As a result, unloading energy available in the tests causes the tubes to kink in a dynamic fashion
soon after the limit moment is achieved. Thus the experimental kinks are at more severe stages of development
than in the calculated conﬁgurations in Fig. 9c. At the same time, following numerically the development of
the kink deeper into the postbuckling regime, requires local reﬁnement of the mesh which was not pursued.
Such postbuckling calculations primarily help understand the failure mode.
The inﬂuence of the imperfection amplitude aoi on the calculated responses is illustrated in Fig. 10. Shown
are results for three values of aoi and a constant value of ai. Increasing the imperfection makes the structure
more compliant. As a consequence the inelastic part of the response is lowered somewhat and the curvature at
the limit load is reduced as aoi increases by the amounts shown in the ﬁgure. Based on measurements the value
aoi = 0.0025 used in the rest of the study was selected as the most representative for the tubes tested.
5. Parametric study
The broader eﬀect of anisotropy on bending critical states is now considered in a parametric study in which
{Sr,Sh} are varied between values of 0.85 and 1.15 (the inﬂuence of Srh on bifurcation was found to be minor
so it was assigned the isotopic value of 31/2). The base geometric and material parameters of the tubes ana-
lyzed remain those given in Table 1. Fig. 11a shows the variation of the bifurcation curvature (jb) with the
anisotropy variables and Fig. 11b shows the corresponding variation of the half-wavelength (k). Both values
are normalized by the respective values of the isotropic material (jb(1,1) and k(1,1)). Interestingly jb is rela-
tively insensitive to Sh whereas it increases for Sr > 1 and decreases for Sr < 1. This variation diﬀers from that
exhibited by the bifurcation strain (eC) in the related problem of axial compression shown in Fig. 5a of Kyriak-
ides et al. (2005) albeit for a diﬀerent material. (It is also notable that the strain jbD/2 is larger than eC as
uniform compression is a more severe loading than bending.) By contrast, k increases for Sh < 1 and Sr > 1
and decreases for Sh > 1 and Sr < 1. This variation is very similar to that seen for axial buckling (Fig. 5b
of Kyriakides et al., 2005).
Anisotropy inﬂuences the whole prebuckling response and can delay or accelerate the development of the
limit load inherent to the problem. The eﬀect of {Sr,Sh} on the limit curvature (jL) of the uniform ovality
solution is illustrated in Fig. 12 for the same problem parameters. Here jL is normalized by its value for
the isotropic material, jL(1,1). The limit curvature increases when Sh > 1 and Sr > 1 and decreases when
Sh < 1 and Sr < 1. Included in the same ﬁgure are the corresponding bifurcation curvature values (here nor-
malized by jL(1,1)). As expected, jb < jL for all values of anisotropy considered. However, its variation in this
space is diﬀerent from that of jL.
Fig. 11. (a) Bifurcation curvature and (b) wrinkle half-wavelength as a function of the anisotropy variables (Al-6061-T6, D/t = 36.13).
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outlined in Section 4.2. Nine combinations of Sr and Sh are considered between 0.85 and 1.15. In each case k in
(16) is assigned the value obtained from the corresponding bifurcation check while the imperfection ampli-
tudes are kept constant (aoi = 0.0025 and ai = 0.0005). Fig. 13a shows M–j responses for three cases where
Sr was assigned values of 0.85, 1.0 and 1.15 and Sh = 1.0 (dashed lines). Each response exhibits a limit point
that is marked with an open arrowhead. This indicates the onset of localization of the type illustrated in
Fig. 9c. The decaying part of the response is followed a certain way. For completeness the corresponding uni-
form ovality responses are included. Marked on these are the limit points (^) and the bifurcation points (#).
The uniform ovality DD–j responses are shown in Fig. 13b.
The ﬁrst eﬀect of Sr is in the induced ovality. Sr < 1 increases ovality while Sr > 1 reduces it (Fig. 13b). This
has a corresponding modest eﬀect on the limit load of the uniform ovality solution in that it occurs somewhat
earlier when the ovality is bigger and later when it is smaller. An even larger eﬀect is seen in the bifurcation
curvature. In concert with the results in Fig. 11a, bifurcation occurs much earlier for Sr < 1 and much later for
Sr > 1. The postbuckling limit curvatures follow the trend of the bifurcation curvatures in each case occurring
somewhat earlier than the corresponding bifurcation value. The moment at the limit point is not signiﬁcantly
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Fig. 13. Eﬀect of anisotropy variable Sr on buckling and postbuckling responses for Sh = 1.
Fig. 12. Comparison of limit and bifurcation curvatures for various values of the anisotropy (Al-6061-T6, D/t = 36.13).
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increases.
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Fig. 14. Eﬀect of anisotropy variable Sr on buckling and postbuckling responses for Sh = 0.85.
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7115Fig. 14 shows similar sets of results for Sh = 0.85 and Sr = 0.85, 1.0 and 1.15. Because of the lower value of
Sh, the induced ovalization is higher for all three cases compared to the corresponding results in Fig. 13. Con-
sequently the uniform ovality limit load occurs at smaller curvature values. However, the bifurcation curva-
tures are not aﬀected signiﬁcantly by comparison to those in Fig. 13 and neither are the limit loads of the
imperfect shells. Results for Sh = 1.15 and the same three values of Sr are shown in Fig. 15. In this case
the induced ovality is smaller because of the increase in Sh. Accordingly the limit loads of the uniform ovality
solutions are now somewhat delayed. The bifurcation curvatures are aﬀected but not signiﬁcantly and the
same is true for the limit curvatures of the imperfect cases.6. Conclusions
Ju and Kyriakides (1992) reported an extensive study of various instabilities encountered in the problem of
inelastic bending of long tubes. It was shown that if the tube D/t is relatively high the ﬁrst instability is axial
wrinkling. The wrinkles eventually localize and cause catastrophic failure in the form of sharp local kinking.
The onset of wrinkling was established using a custom bifurcation check analysis. As is customary in plastic
bifurcation problems, instantaneous deformation theory moduli were used in this analysis. The curvature at
ﬁrst bifurcation was predicted correctly for the whole range of D/t values of the Al-6061-T6 tubes considered.
However, the predicted wrinkle wavelengths were uniformly longer than the measured values. This discrep-
ancy casts a cloud over postbuckling calculations that start with the wrinkled state in order to follow the
evolution of wrinkling and localized failure. The problem has been revisited in order to investigate the cause
of this discrepancy.
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Fig. 15. Eﬀect of anisotropy variable Sr on buckling and postbuckling responses for Sh = 1.15.
7116 E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118Several new bending experiments were conducted on tubes of the same Al alloy as that used in the 1992
study (D/t = 36.13). Following some plastic deformation the tubes developed pockets of wrinkles that later
induced failure by a sharp local kink. The bending response was simulated numerically using a model that
assumes that the tube ovalizes uniformly. Bifurcation to the wrinkled state was established using the same
model as the 1992 study. Consistent with the original results, the predicted wavelength was signiﬁcantly longer
than the measured values. Prompted by a recent report that plastic anisotropy can inﬂuence the onset of wrin-
kling, the anisotropy of the tubes tested was measured and characterized through Hill’s quadratic anisotropic
yield function. It was found that the yield stress in the radial direction was about 11% lower than the axial
yield stress (Sr = 0.887).
The anisotropy was incorporated in the ﬂow theory used for prebuckling calculations. An anisotropic
deformation theory consistent with Hill’s yield function was developed and used in the bifurcation check
model. With the anisotropy accounted for, the calculated tube response was found to be in excellent agreement
with the measured one and simultaneously the predicted bifurcation curvature and wrinkle wavelength fell in
line with the measurements.
A parametric study of the eﬀect of the anisotropy variables Sr and Sh showed that jb is relatively insensitive
to Sh, while it increases for Sr > 1 and decreases with Sr < 1 but the changes are relatively modest. By contrast,
the predicted k is inﬂuenced signiﬁcantly by both anisotropy variables increasing for Sh < 1 and Sr > 1 and
decreasing for Sh > 1 and Sr < 1.
The postbuckling response of the tube analyzed was modeled with ﬁnite elements. The yield anisotropy was
incorporated in the ﬁnite deformation ﬂow theory used. Wrinkling was excited by including an initial axisym-
metric imperfection with the wavelength predicted by the bifurcation check model. The response develops a
limit moment that is followed by a sharp kink that grows while the overall moment drops. The curvature cor-
responding to the limit moment was found to be in good agreement with the experimental value. Similar post-
buckling calculations showed that this failure curvature is inﬂuenced by anisotropy directly as well as
E. Corona et al. / International Journal of Solids and Structures 43 (2006) 7099–7118 7117indirectly through the adopted wrinkle wavelength. It is thus concluded that anisotropy when present in tubu-
lar structures must be measured and incorporated in both bifurcation buckling as well as in postbuckling
calculations.
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Appendix A. Kinematical relationships for bifurcation buckling under pure bending
The linearized strain–displacement equations appropriate for the bifurcation check in Section 3.2 were
derived from Sanders’ (1963) nonlinear shell equations are given as follows:~eoxx ¼
1
1þ jR cos h ½~u;x  ~vj sin hþ ~wj cos h;
~eohh ¼
1
R
½~v;h þ ~w þ /2o~/2;
~eoxh ¼
1
2ð1þ jR cos hÞ ~u;h
1
R
þ j cos h
 
þ ~v;x þ ~uj sin h

 
þ 1
2
/2o~/1;
~jxx ¼ 1
1þ jR cos h ½
~/1;x  ~/2j sin h;
~jhh ¼ 1R
~/2;h;
~jxh ¼ 1
2ð1þ jR cos hÞ
~/1;h
1
R
þ j cos h
 
þ ~/2;x þ ~/1j sin hþ
~/
R
" #
;
ðA:1Þwhere~/1 ¼ 1
1þ jR cos h ½~w;x þ ~uj cos h;
~/2 ¼ 1R ½~w;h þ ~v;
~/ ¼ 1
2ð1þ jR cos hÞ ~v;x  ~u;h
1
R
þ j cos h
 
þ ~uj sin h

 
;
/2o ¼
1
R
½wo;h þ moand the notation (•)o refers to prebuckling solution values.References
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